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ABSTRACT: This paper considered for an unsteady 2-D stagnation point flow over stretching/shrinking 
surface. Here the comparison of two nanofluids (Copper Oxide CuO and Aluminum Oxide Al2O3) are taken 
into account by considering the important nano energy conversion parameters. Using similarity variable and 
stream function the governing PDE’s along with continuity, momentum, energy and concentration are 
converted to respective ODE’s and solved using numerical method (Runge-Kutta 4

th
 order). The novelty of all 

the physical parameters along with Nusselt number and Sherwood number has been discussed by graphical 
method. 
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Nomenclature    
Cf Wall skin friction coefficient  
CW Wall surface concentration  f        

Dimensionless stream function   
B20 Strength of magnetic field  
Le Lewis number     
M Magnetic parameter   
Nu Local Nusselt number  
qr radiative heat flux   
k Thermal conductivity  
Rex Local Reynolds number     
Sh Sherwood number 
Tw Constant temperature at the sheet                    

T∞  Ambient fluid temperature 
Knf Thermal conductivity 
A Unsteadiness parameter Uw Stretching 

velocity of the sheet 
Nr Radiation parameter   
Pr Prandtl number                                                                                                                          
η Similarity variable              

ε Streching/shrinking parameter  

θ Dimensionless temperature  

ψ Stream function  

σ Electrical conductivity of the fluid 

ξnf Dimensionless constant   

νnf Kinematic fluid viscosity   

ρnf Nanofluid density 

µnf Dynamic viscosity of nanofluid  

αnf  Thermal diffusivity 

I. INTRODUCTION 

Due to huge number of useful applications in industry 
and modern engineering technology nanotechnology 
brought multidimensional uses. Nanofluids consist of 
nano particles along with base fluids which increases 
the heat transfer capacity of coolant and it is very highly 
used in quick heat transfer. Nagaranjan et al., [1] have 
recently focused the amount of nanoparticle in base 
fluid and its use in solar collector. In 1995 Choi [2] has 
given a concept of nanofluid which contains the 
nanoparticle size whose diameter is less than 50 nm. 
The boundary layer nanofluid flow concept was then 

developed by Khan et al., [3]. Then after Makinde et al., 
[4] analysed the effects of flow of nanofluid in a 
stretching surface. 
Dutta et al., [5] discussed the combined effect of 
temperature distribution on a stretching sheet along with 
temperature when a uniform heat flux is added. 
Mahapatra et al., [6] have examined the combined effect 
of stagnation point flow and stretching surface effects. 
Alinia et al., [7] and Bararnia et al., [8] have examined 
different fluids such as viscoelastic and micro-polar on 
stretching sheets because of popularity and applications 
of flow through stretching surface. Analysis of heat and 
mass transfer with MHD and chemical reaction effects 
on viscoelastic fluid over a stretching sheet has been 
discussed by Mishra et al., [9]. Recently Pattnaik et al., 
[10] have analysed effect of slip boundary conditions on 
MHD nanofluid flow. Chemical reaction effect on MHD 
viscoelastic fluid flow over a vertical stretching sheet 
with heat source/sink has been investigated by et al., 
[11]. 
Rout et al., [12] have employed Runge-Kutta fourth 
order method along with shooting technique to analyse 
chemical reaction effect on MHD free convection flow in 
a micropolar fluid. Mishra and Jena [13] investigated the 
numerical solution of boundary layer MHD flow with 
viscous dissipation. Recently, Tripathy et al., [14] have 
investigated the chemical reaction effect on MHD free 
convective surface over a moving vertical plane through 
porous medium. Pattnaik and Biswal [15, 16] studied the 
analytical behaviour of the solution of MHD flow in 
presence of porosity parameter. 
Nanofluid is prepared when nanometersized particles 
are suspended in basic fluids like Convectional heat 
transfer fluids. The thermal conductivity plays an 
important role for heat transfer between heat transfer 
surfaces and medium both so there are vast methods 
used to maintain the thermal conductivity by introducing 
the nano particle in liquids. Many researchers [17-21] 
have employed numerical techniques on modeling of 
nanofluids. 
The aim of the present paper is to discuss the analytic 
numerical for unsteady MHD flow past a stretching 
surface and a comparison between two nanofluids 
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Copper Oxide (CuO)  and Aluminum Oxide (Al2O3). The 
method employed for the numerical solution of nonlinear 
problem is Runge-Kutta fourth order method. 

II. MATHEMATICAL ANALYSIS 

 

Fig. 1. Flow geometry. 

Let consider a 2-D unsteady boundary layer nanofluid 
flow over a stretching/shrinking sheet with considering 
thermal radiation. X-axis is measured as distance along 
the sheet and Y-axis is distance normal to the sheet as 
well as to the fluid. The fluid flow is confined to y > 0.

 
Two equal and opposite forces are applied along x-axis 
to initiate the formation of the fluid. The fluid flow is 
steady when t < 0 and when t = 0  the fluid is unsteady. 
The governing continuity, momentum, energy and 
concentration equations of such type of flow is written 
as 
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III. TRANSFORMATION OF GOVERNING 
EQUATIONS 

The stretching velocity is considered as ( ),
1
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where a  and  a are constants, the temperature of the 
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The continuity Eqn. (1) satisfies by introducing similarity 
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Using Eqn. (7) the governing Eqns. (2-4) are converted 
in to following ODE’s as follows 
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With boundary conditions 
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IV. SKIN FRICTION, HEATTRANSFERANDMASS 
TRANSFERCOEFFICIENT 

Skin friction coefficient
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The non-dimensional form is  ( )Re 0f xC f ′′=  
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The non-dimensional form is  ( ) ( )Re 1 0
x x r

Nu N θ ′= − +  

Sherwood number
0
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The non-dimensional form is  ( )Re 0
x x

Sh ′= −Φ  

V. NUMERICAL RESULTSAND DISCUSSIONS 

The Eqns. (8)-(10) are solved by implementing 
numerical technique using the fourth order Runge-Kutta 
method on a computer program which is written in 
Matlab software. A suitable step size was adopted for 
the result. The values for the velocity, temperature and 
concentration profiles and also the skin-friction 
coefficients, Nusselt numbers and Sherwood numbers 
have been obtained for various parametric conditions 
and presented in graphical form. The summarized 
results are given in following paragraphs. 
Fig. 2 shows the variation of velocity with different 
nanoparticle volume fractions for both CUO and (Al2O3). 
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Here the comparison also occurs against stretching 

( 1)ε = and shrinking ( 1)ε = −  parameters both the 

cases. This has been observed that for 1ε =  the 

velocity profile increases as nanoparticle volume 
fraction increases for both CUO and (Al2O3). But it has 
been noticed that CUO as compared to Al2O3 has 
largest velocity. Again exactly the reverse results has 

been encountered for the reverse case ( 1)ε = − . 

From Fig.3 it has been observed that magnetic 
parameter (M) decreases the velocity profile significantly 
for stretching case and also Al2O3 carries maximum 
velocity as compared with CUO. On the other hand 

shrinking parameter ( 1)ε = −  carries exactly the reverse 

case. But nearly about η = 6 a stagnation point 
characteristic occurs. 
Fig. 4 reveals the variation of on steadiness parameter 

(A). This has been observed that for 1ε = , A increases 

the velocity profile irrespective of CUO and Al2O3. An 
Interesting results has been encountered in case of 

1ε = −  that, an increases the velocity profile up to  

1.5η =  but after η = 1.5 the velocity profile decreases 

significantly. 

 

Fig. 2. Variation of Velocity Profile f’ (η) with φ. 

 

Fig. 3. Variation of Velocity Profile f’ (η) with M. 

 

Fig. 4. Variation of Velocity Profile f’ (η) with A. 

 

Fig. 5. Variation of Temperature Profile θ(η) with φ. 

 

Fig. 6. Variation of Temperature Profile θ(η) with M. 

 

Fig. 7. Variation of Temperature Profile θ(η) with A. 
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Fig. 8. Variation of Temperature Profile θ(η) with Pr. 

 

Fig. 9. Variation of Temperature Profile θ(η) with Nr. 

 

Fig. 10. Variation of Concentration Profile Φ(η) with Le. 

 

Fig. 11. Variation of Concentration Profile Φ(η) with Pr. 

 

Fig. 12. Variation of Concentration Profile Φ(η) with A. 

 

Fig. 13. Variation of Concentration Profile Φ(η) with ξ. 

 

Fig. 14. Variation of Skin friction coefficient with M. 

 

Fig. 15. Variation of Skin friction coefficient with A. 
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Fig. 16. Variation of Skin friction coefficient with φ. 

 

Fig. 17. Variation of Nusselt Number with M. 

 

Fig. 18. Variation of Nusselt Number with Nr. 

 

Fig. 19. Variation of Nusselt Number with A. 

 

Fig. 20. Variation of Sherwood Number with A. 

 

Fig. 21. Variation of Sherwood Number with Le. 

 

Fig. 22. Variation of Nusselt Number with ξ. 

From Fig. 5 it is remarked that, φ increases the 
temperature profile in both CUO and Al2O3 cases but 
there is slight difference between CUO and Al2O3 for the 

same value of φ. However the CUO possesses a little 
high temperature then Al2O3. 
Fig. 6 exhibit the effect of the magnetic parameter on 
temperature profile. It is evident that the magnetic field 
increases the temperature at all the layers and CUO 
possesses maximum temperature then Al2O3. Figs. 7, 8 
depict variation of temperature profile with A and

r
P  

respectively. It is observed that, A & Pr 
decreases the 

temperature at all the layers. Fig. 9 shows the effects of 
Nr on temperature profile. Temperature profile increases 
with increasing value of Nr  and also there is a negligible 
difference between CUO and Al2O. However CUO  of 
obtains maximum temperature then Al2O3. 
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both CUO and
2 3

Al O  cases. In each case it has been 

noticed that all the above respective parameters 
decreases the concentration profile with increasing 
value of parameters. Another result in each figure has 
been noticed that 

2 3
Al O increases the concentration 

profile then CUO . 

Figs. 14, 15 graphically shows the skin friction 
coefficient with M  and A . An interesting result in both 
the cases has been taken into account that nearly about 

0.5η = the increasing rate of screen with respect to M

and A  meets. Again after 0.5η =  the variation shows 

the reverse effect for both CUO /
2 3

Al O . Fig. 16 gives 

the skin variation withφ . We observed that ‘φ ’ 

decreases the profile irrespective of 
2 3

Al O / CUO . Again 

after η = 0.5 the reverse effect is noticed. 

Fig. 17 gives the variation of Nusselt number with ‘ M ’. 

M increases the profile up to η = 0.5 then after 

decreases for both CUO and
2 3

Al O  and a negligible 

effect reveals for CUO and
2 3

Al O . 

Fig. 18 is for Nusselt Number with respect
r

N . The 

radiation parameter increases Nusselt number for both 

CUO  and
 2 3

Al O . Fig. 19 gives the same result as 

figure 17 so as ‘ A ’ has the same effect like ‘ M ’. 
Figs. 20, 21 displays variation of Sherwood number with 
‘ A ’ and ‘

e
L ’ respectively. In both cases the profile 

increases up to 0.5η =  then after decreases for both 

CUO &
2 3

Al O .  

Fig. 22 gives an interesting result for Nusselt number 

with ‘ ξ ’. The profile increases up to 0.7η =  then after 

decreases. 

VI. CONCLUSION 

- Velocity in stretching case ( )1ε =  and temperature 

profiles increases as nanoparticle volume fraction 

increases for both CUO and
2 3

Al O . 

- Magnetic parameter (M)  decreases the velocity profile 

for stretching case ( )1ε =  but increases shrinking case 

( )1ε = −  where as temperature increases in same case. 

-
r

P decreases both temperature and concentration 

profiles whereas 
r

N
 
increases the temperature. 

- φ decreases the skin friction and 
r

N  increases the 

Nusselt number. 
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